
6.3 Induced normal form104

When read from left to right, the above rules define a1

term rewriting system whose confluence and termina-2

tion are easily proved 5 Therefore, any program has3

a unique normal form which, as a simple observation4

of these rules shows, is of the form5

p ; change c6

where the program p does not contain anymore change7

instruction.8

Such a program, with no changes at all, is called9

a pattern program. It can simply be understood as10

a hierarchical (tree-shaped) description of a musical11

piece where each atom is positioned using absolute12

coordinates. Moreover, the combination of two such13

programs p1;change c1 and p2;change c2 can directly14

be defined in formal form as the program p1;act c1 p2;15

change (c1 <> c2) where act c1 p2 is defined as the16

(simple) normalization of the program c1; p2. Stating17

so, we uncover a fairly standard algebraic construction18

known as a semi-direct product.19

In order to illustrate this, let us give a name to the20

first three atoms of Do ré mi, la perdrix.21

c = atom ( 0 ,0) (1/2)22
d = atom (1/2 ,1) (1/2)23
e = atom ( 1 ,2) 124

The normal form of the program hierarchyA is com-25

posed of the tree at figure 11 followed by change (delay26

2 <> transpose 2).27

id

c d e

delay 2 <> transpose 2 <> project

c d e

Figure 10. Tree representation of the normal form of
hierarchyA

Such kind of tree, called a transformation hierarchy28

in computer graphics [?], can then be rendered. In-29

deed, this notion of normalized pattern in absolute30

coordinates solves another issue which is how the mu-31

sic, or more generally medium, described by a program32

can be rendered. Defining a static rendering function33

then simply amounts to provide an interpretation of34

the underlying space and atomic values, together with35

an interpretation of the group and atom instructions.36

Using this approach, we did several rendering exper-37

imentations, both in the domains of music and com-38

puter graphics. For instance, we were able to generate39

the MIDI file of Do ré mi, la perdrix. Moreover, the40

notes in the piano rolls of this article have been gener-41

5 This rewriting system is actually implemented as an ob-
viously terminating recursive normalization function over the
syntactic representation of our programs.

ated using a tikz renderer 6 . Both rendering used the42

encoding described in this article, but with different43

renderers.44

7. CONCLUSION45

In this article, we have presented a language that al-46

lows us to represent in a flexible manner the struc-47

tured partition of the nursery rhyme Do ré mi, la per-48

drix. This language semantics can be defined in a49

mathematically sound way within semigroup theory50

via a notion of normalization that yields hierarchical51

graph scene description in absolute coordinate, useful52

for static rendering processes.53

Other normalization forms are already available. For54

instance, keeping change instructions, one may require55

that coordinates in atom instructions always are the56

space origin. This opens the way towards dynamic57

rendering processes where atoms are always positioned58

at current origin, that is, “here and now”. Doing so, we59

would recover and generalize what is actually done in60

MIDI signals where MIDI events are simply separated61

by delays.62

The question of normalizing further with trivial63

space transform in groups, a question yet not fully64

solved, potentially yields even more interesting ap-65

plication towards realtime and interactive use of our66

model.67
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